Quantum phases of matter are usually characterised by broken symmetries. Identifying physical mechanisms and microscopic Hamiltonians that elude this paradigm is one of the key present challenges in many-body physics. Here, we use quantum Monte-Carlo simulations to show that a Bose metal phase, breaking no symmetries, is realized in simple Hubbard models for bosonic particles on a square lattice complemented by soft-shoulder interactions. The Bose metal appears at strong coupling and is separated from a supersolid phase and a superfluid at weaker couplings. The enabling mechanism is provided by cluster formation in the corresponding classical tiling problem. The identification of the cluster mechanism paves the way to the realization of exotic quantum liquids in both natural and synthetic quantum matter that harbors cluster formation. Many-body bosonic systems exist at low temperature in superfluid or insulating crystalline phases. These archetypical phases are described by finite values of order parameters, reflecting the broken symmetries of the ground state. A remarkable counterexample is provided by Bose metals describing conducting, yet nonsuperfluid bosons in two dimensions [1] [2] [3] [4] . These phases have been suggested as a possible explanation for the strange metal behavior in high-temperature superconductors, and have been theoretically demonstrated in models supporting multi-particle ring-exchange-type interactions [4] [5] [6] . However, because of their inherently non-perturbative nature, identifying generic mechanisms and microscopic models that stabilize a Bose metal in realistic Hamiltonians with two-particle interactions has proven challenging.
Quantum phases of matter are usually characterised by broken symmetries. Identifying physical mechanisms and microscopic Hamiltonians that elude this paradigm is one of the key present challenges in many-body physics. Here, we use quantum Monte-Carlo simulations to show that a Bose metal phase, breaking no symmetries, is realized in simple Hubbard models for bosonic particles on a square lattice complemented by soft-shoulder interactions. The Bose metal appears at strong coupling and is separated from a supersolid phase and a superfluid at weaker couplings. The enabling mechanism is provided by cluster formation in the corresponding classical tiling problem. The identification of the cluster mechanism paves the way to the realization of exotic quantum liquids in both natural and synthetic quantum matter that harbors cluster formation. Many-body bosonic systems exist at low temperature in superfluid or insulating crystalline phases. These archetypical phases are described by finite values of order parameters, reflecting the broken symmetries of the ground state. A remarkable counterexample is provided by Bose metals describing conducting, yet nonsuperfluid bosons in two dimensions [1] [2] [3] [4] . These phases have been suggested as a possible explanation for the strange metal behavior in high-temperature superconductors, and have been theoretically demonstrated in models supporting multi-particle ring-exchange-type interactions [4] [5] [6] . However, because of their inherently non-perturbative nature, identifying generic mechanisms and microscopic models that stabilize a Bose metal in realistic Hamiltonians with two-particle interactions has proven challenging.
Here, we show that a whole class of Bose-metal-type phases can be realised in Bose-Hubbard models on square lattices with soft-shoulder interactions, described by the following Hamiltonian
Here, b i (b † i ) are hard-core bosonic annihilation (creation) operators at site i, n i = b † i b i , r ij is the distance between sites i and j, r c is the cutoff radius of interactions, and t is the tunneling rate on a lattice of spacing a = 1. Interactions such that in Eq. (1) have been proposed [7] [8] [9] , and recently observed [10, 11] , in experiments using laser-dressed Rydberg atoms in optical lattices.
The basic mechanism for Bose metal behaviour in the aforementioned models is rooted in the emergence at strong coupling (V t) of degrees of freedom that are unrelated to individual particles. These are clusters of particles and holes that are effectively bound by repulsive interactions at high enough density, where cluster formation is a generic feature of interaction potentials with negative Fourier components [12] on a lattice [13] . The corresponding classical ground state displays an extensive degeneracy resulting from the exponentially large number of ways in which the cluster can be arranged. This behaviour is similar to that observed in Refs. [13, 14] for the corresponding one-dimensional case, where the quantum dynamics within the low-energy degenerate manifold gives rise to a gapless phase of matter at strong coupling that is not directly captured by Luttinger liquid theory, as evidenced by a deformation of the Bose surface with increasing interaction strength. The one-dimensional results exemplify that soft-shoulder interactions can indeed stabilize phases of matter with (i) no broken symmetries and (ii) off-diagonal quasi-long-range order. In addition, they provide a robust, and essentially classical, mechanism to (iii) decouple the degrees of freedom from the individual particles. These observations constitute an ideal starting point for the investigation of possible quantum spin liquid behavior in the corresponding twodimensional case, which is the purpose of this work.
In order to demonstrate that quantum fluctuations can induce a Bose-metal phase, we first perform an analysis of the classical problem that demonstrates the formation of a ground-state manifold with extensive exponential degeneracy as a result of cluster formation. This classical solution is equivalent to the problem of a tiling of a surface with tiles of different shapes, the latter being determined by the combined effects of finite-range potentials, lattice geometry and density.
We then analyse the quantum mechanical problem by utilising large-scale Monte-Carlo simulations. All results are obtained and verified with two different numerically exact quantum Monte-Carlo techniques. We show that the single particle Green function decays algebraically as a function of distance in the absence of any superfluidity or even crystalline order. This feature and a clear deformation of the Bose surface in the absence of broken symmetries make our system consistent with the expected behaviour of Bose metals [4] . Crucially, the mechanism we propose is remarkably different from the established scenario of gauge theories emergent in quantum dimer models [15] , since, as we show below, a direct identification of the lattice Gauss law is here not possible.
We start our discussion by illustrating how an extensive ground state degeneracy is realized in the classical limit of Eq. (1). We are interested here in the regime 2 √ 2 < r c /a < 3, where each particle tries to establish an avoided region of square geometry with total area 16a
2 [see Fig. 1 (a)]. In this regime, for densities ρ = 1/9, the system can arrange into a state with zero energy. However, this is not possible for higher densities, and the ground state shall be constructed as the solution of a tiling problem of three types of clusters, depicted in Fig. 1(c) (I-III) . We note that particles now prefer to sit on nearest-neighbors to minimize the potential energy per area, and thus per particle. An exact solution can then be formulated on lattices where the density 1/9 < ρ < 1/6 can be decomposed into contributions from clusters with total number of particles N = N 1 + 2 · N 2 and volume V = 9 · N 1 + 12 · N 2 , with N 1 and N 2 the number of clusters made of one (I) or two particles (II-III), respectively. Fixing the ratio N 2 /N 1 = κ, the density reads: ρ = (1 + 2 · κ)/(9 + 12 · κ). The resulting ground state consists of all permutations of blocks of types I and II-III, and, similar to the one dimensional case [13, 14] , it displays an exponentially extensive degeneracy. As an example, in the following we focus on the case ρ = 5/36, for which, for lattice sizes multiple of four, N 1 /V = 1/18 and N 2 /V = 1/24 [16] , and the classical energy of the configurations is E/V = V · N 2 /V = V /24. The demonstration of a robust classical mechanism for engineering this extensive degeneracy is the first result of this work. In the following, we focus on the quantum case with t > 0, where quantum fluctuations induce an effective dynamics on top of the classical ground state manifold with a characteristic energy scale ∝ t 2 /V [see Fig. 1(d) ].
The quantum phase diagram of Eq. (1) is investigated by means of large-scale Path Integral Quantum Monte Carlo simulations using two different numerical approaches i.e., the stochastic Green's function algorithm [17] and the worm algorithm [18] . These two methods are largely complementary, as they work in the canonical and grand-canonical ensembles, respectively, and constitute the state-of-the-art techniques to investigate quantum bosonic models on a lattice. Here, we consider sizes up to L × L = 48 × 48 lattice sites and temperatures as low as k B T = t/20, where k B is the Boltzmann's constant (set to 1 in the following). We perform careful annealing as well as, for given sets of system parameters, run independent simulations to avoid possible effects of metastability due to the large low-energy degeneracy discussed above. We obtain estimates of the superfluid density ρ s = (W 2 x + W 2 y ) /(4β), the static structure factor
Here, k is a generic lattice wave vector, W i is the winding number in the i-th direction, β = 1/T and · · · stands for statistical average. The results for the phase diagram are summarised in Fig. 1(b) . By increasing the interaction strength V /t, the following succession of phases is obtained: a su- perfluid, a stripe supersolid and a cluster Bose metal (CBM). The first two phases are well described in literature: The superfluid [V /t 2.5] and supersolid phases [2.5 V /t 4.5] are lattice analogs of the corresponding phases in free space [7, 8, 19] , characterised by a finite value of the superfluid density ρ s . We find that due to the presence of the lattice, however, the crystalline order in the supersolid phase, signaled by a small but finite value of the static structure factor in the thermodynamic limit, has a stripe-like character instead of the triangular one observed in free space. Example results for the behaviour of the order parameters ρ s and S(k) are shown in Fig. 2 . In particular, Fig. 2(a) shows the dependence of ρ s on V /t for L = 36 and βt = 20. Here ρ s is shown to decrease monotonically from a constant finite value for V /t 2.5 to zero for V /t 4.5. Panel (b) shows that S(k) has a finite value that is size-independent for V /t = 4, signalling crystalline order consistent with supersolid behaviour (green down triangles). For V /t = 6 (black up triangles and red dots), however, S(k) vanishes in the thermodynamic limit. Interestingly, the values of S(k) for each size are essentially the same at βt = 20 and 4 (full and empty symbols, respectively). This same behaviour is obtained for other values of the interaction strength V /t 4.5. The disappearance of diagonal long range order and superfluidity for V /t 4.5 is a first sign of Bose-metal behaviour in the strong-coupling regime with V /t 1. In the following we focus on characterising this strong-coupling regime, while the nature of the phase transition around V /t 4.5 will be discussed elsewhere [22] . Surprisingly, we find that correlation functions such as the Green function G(r) decay algebraically within the strong-coupling phase, indicating the presence of offdiagonal quasi-long-range order in the absence of a finite ρ s at sufficiently low temperature for V /t 4.5. In addition, the Green function is found to oscillate as a function of distance. An example of this behaviour for the G(|r|) averaged over the x and ydirections is shown in Fig. 3(a) for the case L = 36 and βt = 20. In panel (a), the asymptotic algebraic decay is clearly distinguishable for the density ρ = 5/36 (red dots) that corresponds to the classical tiling solution discussed above, in contrast to the density ρ = 7/36 (blue squares) that shows an exponential decay. The oscillations of the Green's function with distance are clearly evidenced by plotting G(r) along specific directions. Panel (b) shows an example for a chosen angle of π/4, where the oscillations in G(r) are clearly visible for ρ = 5/36 (red dots), in contrast to the behaviour for different densities: For densities not supporting a classical cluster solution, ρ = 6/36, 7/36, 8/36, the Green's function is found to decay exponentially signalling the loss of long-range phase coherence. This identifies clustering as the backbone ingredient for the stability of the cluster liquid phase.
The oscillations of G(r) result in a deformation of the Bose surface, as depicted in Fig. 3(c) . The latter is a contour plot of the momentum distribution n(k) for the same parameters of panel (a), which displays pinch points around (k x , k y ) = (π/2, π/2). The pinch points are even more visible in panel (d) for a specific choice of n(k x , k y = −2π/3) (red dots). Again this feature is absent for different densities, where the cluster structure corresponding to the solution of the classical tiling problem is absent (green rhombi for ρ = 6/36). The algebraic decay of the correlation functions together with the observed deformation of the Bose surface shown above in the absence of superfluidity or crystalline order demonstrate the existence of a spin-liquid-type phase at strong coupling, which we term Cluster Bose Metal. This is the central result of this work.
The demonstration of a Bose metal in the simple square extended Hubbard model is a surprising result. In the remainder of this work, we attempt a qualitative interpretation. We start by noting that while the bosonic system above cannot have nodes in the underlying ground-state wave-function, and thus there can be no singularities in n(k), the structure of the momentum distribution found in Fig. 3 closely resembles the open Fermi surface of d-wave Bose liquids as proposed in Ref. [4] . The latter correspond to a U(1) gauge theory coupled to spin-1/2 fermions. In that theory, the long-distance behavior of the Green's function at zero temperature has the expected form
with a and η constants, and k 1 and k 2 the Fermi momenta of the fermion fields. While an exact mapping between U(1) gauge theories and our cluster models, akin to the ones proposed for quantum dimer models [20] , is not possible in two dimensions, due to the exotic form of the cluster constraints which do not lend themselves to an interpretation in term of Gauss laws, we note that for the one-dimensional case [14] it is indeed possible to relate analytically the cluster dynamics to the Schwinger model [QED in (1+1)-dimensions] in the weak coupling limit [23] , where the role of the fermions is played by clusters of two particles, while clusters of single particles correspond to the (bare) vacuum. Based on this 1D behavior of the cluster model, it is suggestive to attempt to describe the low-energy dynamics of the 2D model under consideration as a U(1) gauge theory coupled to a pair of emergent matter fields, one describing the dynamics of clusters of type (II), and one of type (III) in Fig. 1 . This identification immediately implies that the corresponding (angle averaged) Fermi momenta of the two emergent modes should be equal in our cluster Bose metals, and similar to the ones which can be obtained in the classical limit, k F π/4 = k cl . Incidentally, emergent Fermi fields with equal Fermi momenta would also ensure positivity of the Green's function.
We test the qualitative picture above by fitting the functionG(r) = G 0 (r) exp(−br) to the numerical quantum Monte-Carlo data for the Green's function in Fig. 3(a) (solid line) , where G 0 (r) has the form of Eq. (2) with k 1 = k 2 = k F , and the exponential factor has been inserted to take into account that we always have a finite T in our Path-Integral quantum Monte-Carlo simulations (here, βt = 20). The figure shows a good agreement with the numerical data for η = 0.997 ± 0.008 and b = 0.074 ± 0.016, while k = 0.407 ± 0.001. Similar agreement is found for different values of V /t in the CBM phase. In the Inset of Fig. 2(a) we plot the extracted exponent b as a function of T obtained by fitting G(r) for different temperatures. The extrapolated value of b(T = 0) is consistent with zero, which further corroborates the existence of off-diagonal quasi-long-range order in the CBM phase.
In summary, in this work we have demonstrated a novel mechanism for the realisation of Bose metal behaviour in the extended Hubbard model with two-particle interactions. The simplicity of the model discussed here paves the way to the observation of Bose metal behaviour in various microscopic systems, including laser-dressed Rydberg atoms in optical lattices [7] [8] [9] , where the realization of soft-shoulder potentials has recently been reported [10, 11] . Extending this work to fermionic systems with variable interaction range supporting clusters could shed light on the microscopic mechanism of non-Fermi liquid behaviour in two-dimensional extended Fermi-Hubbard models. 
